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CIRCLE ACTIONS ON ALMOST COMPLEX MANIFOLDS
WITH 4 FIXED POINTS
DONGHOON JANG
Abstract. Let the circle act on a compact almost complex manifold
M . In this paper, we classify the fixed point data of the action if there
are 4 fixed points and the dimension of the manifold is at most 6. First,
if dimM = 2, then M is a disjoint union of rotations on two 2-spheres.
Second, if dimM = 4, we prove that the action alikes a circle action on a
Hirzebruch surface. Finally, if dimM = 6, we prove that six types occur
for the fixed point data; CP3 type, complex quadric in CP4 type, Fano
3-fold type, S6∪S6 type, and two unknown types that might possibly be
realized as blow ups of a manifold like S6. When dimM = 6, we recover
the result by Ahara [A] in which the fixed point data is determined if
furthermore Todd(M) = 1 and c31(M)[M ] 6= 0, and the result by Tolman
[T] in which the fixed point data is determined if furthermore the base
manifold admits a symplectic structure and the action is Hamiltonian.
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1. Introduction
The main purpose of this paper is to classify the fixed point data of a
circle action on a compact almost complex manifold when there are four
fixed points and the dimension of the manifold is at most six. An almost
complex manifold (M,J) is a manifold M with a smooth linear complex
structure J on each tangent space of M . From this it follows that the
dimension of an almost complex manifold is necessarily even. Examples
of almost complex manifolds are complex manifolds, symplectic manifolds,
and Ka¨hler manifolds. Therefore, our results will apply to those manifolds.
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An action of a group G on an almost complex manifold (M,J) is said to
preserve the almost complex structure if the action satisfies dg ◦ J = J ◦ dg
for any g ∈ G. Let the circle S1 act on a compact almost complex manifold
(M,J). Throughout this paper, we assume that the action preserves the
almost complex structure J . If p is an isolated fixed point, then local action
of S1 near p is described as g · (z1, · · · , zn) = (g
w1pz1, · · · , g
wnp zn), where
g ∈ S1 ⊂ C and wip are non-zero integers, for 1 ≤ i ≤ n. The w
i
p are called
weights at p (also called rotation numbers). By the fixed point data, we
mean a collection of multisets of weights at the fixed points. Finally, the
fixed point data encodes some of the invariants ofM ; for instance it encodes
the Hirzebruch χy-genus (and hence the Euler characteristic, the signature,
and the Todd genus) and Chern numbers of M . In addition, if the base
manifold M admits a symplectic structure and the action is Hamiltonian,
then we can further recover (equivariant) Chern classes and (equivariant)
cohomology of M . Therefore, to classify a manifold, one may classify the
fixed point data.
Assume that the fixed point set are discrete. In this case, we can associate
a multigraph to M , where vertices are the fixed points. Roughly speaking,
edges are drawn in the following way: if a fixed point p has weight w > 0,
then there exists another fixed point p′ that has weight −w; an edge ǫ is then
drawn from p to p′ with label w. Then the classification of the fixed point
data can be done by considering possible multigraphs toM . The use of such
multigraphs has been used in the literature; for instance, see [A](implicitly)
[GS], [JT], [T]. In this paper, we consider a special multigraph; see section
3 (Lemma 3.5) for how we assign a multigraph to M .
Let the circle act on a compact almost complex manifold M . First, if
there is one fixed point, then M must be a point. Second, if there are two
fixed points, then M is either S2, or dimM = 6 and the fixed point data
is the same as a rotation on S6 [J3], [K1], [PT]. Third, if there are three
fixed points, then the dimension of M must be four and the fixed point data
is the same as a standard S1-action on CP2. This is announced in [J3],
whose proof is essentially the same as one in [J1] for symplectic case after
careful treatments. However, the proof in [J1] requires a lot of computations
even when there are three fixed points, and this predicts that the more fixed
points there are, the harder computations are. Kosniowski conjectures that
the dimension of a manifold is bounded above by a linear function of the
number of fixed points; it is conjectured that dimM ≤ 4k, where k is the
number of fixed points [K2]. By the discussion above, the conjecture holds
if there are at most three fixed points.
Now, assume that there are four fixed points. If dimM = 2, then M
is a disjoint union of rotations on two 2-spheres. This can be seen by the
fact that among oriented Riemann surfaces, only the 2-sphere S2 supports a
circle action with fixed points, that is, a rotation. If dimM = 4, we shall see
that the action alikes a circle action on a Hirzebruch surface; see Example
2.10.
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(b) Case 2: a ≡ −c mod b
Figure 1. Multigraphs for Theorem 1.1.
Theorem 1.1. Let the circle act on a 4-dimensional compact almost com-
plex manifold with 4 fixed points. Then the multisets of weights are {a, b},
{−a, b}, {−b, c}, and {−b,−c} for some positive integers a, b, c such that
either a ≡ c mod b or a ≡ −c mod b.
In Theorem 1.1, in the case that a ≡ c mod b, the multigraph associ-
ated to M is provided in Figure 1a. In the case that a ≡ −c mod b, the
corresponding multigraph is Figure 1b.
Assume that the dimension of M is six. In [A], Ahara considers the
classification of the fixed point data if in addition, M satisfies Todd(M) =
1 and c31(M)[M ] 6= 0, where Todd(M) is the Todd genus, c1(M) is the
first Chern class, and [M ] is the fundamental class of M . Note that the
Todd genus is the genus belonging to the power series
x
1− e−x
. In this
case, Ahara shows that three types of the fixed point data occur; CP3 type,
complex quadric in CP4 type, and Fano 3-fold type. In [T], Tolman classifies
the fixed point data if M admits a symplectic structure and the action is
Hamiltonian. In this paper, we shall discuss the problem without those
additional assumptions. Therefore our result covers the two results known.
When dimM = 6, our result is the following:
Theorem 1.2. Let the circle act on a 6-dimensional compact almost com-
plex manifold with 4 fixed points. Then exactly one of the following holds:
(1) Todd(M) = 1 and the multisets of weights are {a, b, c}, {−a, b−a, c−a},
{−b, a − b, c − b}, {−c, a − c, b − c} for some mutually distinct positive
integers a, b, c.
(2) Todd(M) = 1 and the multisets of weights are {a, a+b, a+2b}, {−a, b, a+
2b}, {−a− 2b,−b, a}, {−a− 2b,−a − b,−a} for some positive integers
a, b.
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(a) CP3 type
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b
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+
b
a+ b
(e) Unknown-I
p1 p2
p3 p4
b
2a+ b
a+ b a b
2a+ b
(f) Unknown-II
Figure 2. Multigraphs for Theorem 1.2.
(3) Todd(M) = 1 and the multisets of weights are {1, 2, 3}, {−1, 1, a},
{−1,−a, 1}, {−1,−2,−3} for some positive integer a.
(4) Todd(M) = 0 and the multisets of weights are {−a − b, a, b}, {−c −
d, c, d}, {−a,−b, a+b}, {−c,−d, c+d} for some positive integers a, b, c, d.
(5) Todd(M) = 0 and the multisets of weights are {−3a − b, a, b}, {−2a −
b, 3a+ b, 3a+ 2b}, {−a,−a− b, 2a+ b}, {−b,−3a− 2b, a+ b} for some
positive integers a, b, by reversing the circle action if necessary.
(6) Todd(M) = 0 and the multisets of weights are {−a−b, 2a+b, b}, {−2a−
b, a, b}, {−b,−2a− b, a+ b}, {−a,−b, 2a+ b} for some positive integers
a, b.
In each case, the multigraph associated toM is given in Figure 2. In each
case, let us call the manifold CP3 type, complex quadric in CP4 type, Fano
3-fold type, S6∪S6 type, unknown type I, and unknown type II, respectively.
The reason is because in each case the fixed point data is the same as that
of the manifold named with an appropriate action; see Examples 2.11, 2.12,
2.13, and 2.14 for examples of manifolds of the first, second, third, and
fourth type respectively. Note that an example of a manifold of the third
type is known only for a = 4 and 5. On the other hand, in the third
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case, if M inherits a symplectic structure and the circle action preserves
the symplectic structure, then the action is Hamiltonian and furthermore,
the only possible values for a are 4 and 5; see [T]. Therefore, we have all
examples of an action if Todd(M) = 1, M admits a symplectic structure,
and the action preserves the symplectic form. On the other hand, to the
author’s knowledge, a manifold with a fixed point data as the fifth type or
the sixth type is not known. However, the fixed point data of the fifth type
and the sixth type might be realized as a blowing up of a manifold M at a
fixed point or at an isotropy 2-sphere, where M admits a circle action with
2 fixed points (like S6). For the discussion, see Remark 2.15.
The paper is organized as follows. For the description, consider a circle
action on a compact almost complex manifold M with a discrete fixed point
set. In Section 2, we recall background needed and set up notations. In
Section 3, we associate a labelled, directed multigraph to M . Our way of
drawing edges is slightly different from others (see Lemma 3.5), and this
simplifies the proofs of Theorem 1.1 and Theorem 1.2. In Section 4, we
classify the fixed point data of M when dimM = 4 and there are 4 fixed
points. Section 5-6 are for the classification of the fixed point data of M
where dimM = 6 and there are 4 fixed points. When dimM = 6, either
Todd(M) = 1 or Todd(M) = 0. These cases are dealt seperately in Section
5 and 6. Finally, the proof of Theorem 1.2 is given in Section 7.
2. Background and Notation
Let the circle act on a 2n-dimensional almost complex manifold M . Let p
be an isolated fixed point. There are n non-zero integers wip, called weights,
associated to p, for 1 ≤ i ≤ n. Denote by Σp = {w
1
p, · · · , w
n
p } the multiset of
weights at p and np the number of negative weights at p. To prove Theorem
1.2, we shall use the classification when the number of fixed points is at most
three.
Theorem 2.1. [J3] Let the circle act on a compact almost complex manifold
M .
(1) If there is one fixed point, then M is a point.
(2) If there are two fixed points, then either
(a) M is the 2-sphere and weights at the fixed points are a and −a for
some positive integer a, or
(b) dimM = 6 and weights at the fixed points are {−a − b, a, b} and
{−a,−b, a+ b} for some positive integers a and b.
(3) If there are three fixed points, then dimM = 4 and weights at the fixed
points are {a+b, a}, {−a, b}, and {−b,−a−b} for some positive integers
a and b.
In each case, the corresponding multigraph is given in Figure 3. Let N i
be the number of fixed points with np = i. Denote by χy(M) the Hirzebruch
χy-genus ofM , where the Hirzebruch χy-genus is the genus belonging to the
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(a) dimM = 2 and
2 fixed points
p1
p2
ab a+ b
(b) dimM = 6 and
2 fixed points
p1
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p3
a
b
a+ b
(c) 3 fixed points
Figure 3. Multigraphs for Theorem 2.1.
power series x(1+ye
−x(1+y))
1+e−x(1+y)
. In [L], Li proves that the Hirzebruch χy-genus
is rigid under a circle action having a discrete fixed point set.
Theorem 2.2. [L] Let the circle act on a 2n-dimensional compact almost
complex manifold M with isolated fixed points. For each integer i such that
0 ≤ i ≤ n,
χi(M) =
∑
p∈MS1
σi(t
w1p , · · · , tw
n
p )
∏n
j=1(1− t
wjp)
= (−1)iN i = (−1)iNn−i,
where t is an indeterminate, σi is the i-th elementary symmetric polynomial
in n variables, and χy(M) =
∑n
i=0 χ
i(M) · yi.
The Hirzebruch χy-genus of a manifold M encodes three invariants of M ;
χ0(M) = Todd(M) is the Todd genus, χ−1(M) = sign(M) is the signature,
and χ1(M) = χ(M) is the Euler characteristic of M . In other words, the
Todd genus of M is equal to the number of fixed points whose weights are
all positive.
One of important properties of weights is that, given an integer w, the
number of times the weight w occurs over all fixed points, counted with
multiplicity, is the same as the number of times the weight −w occurs over
all fixed points, counted with multiplicity.
Lemma 2.3. [H], [L] Let the circle act on a compact almost complex man-
ifold M with a discrete fixed point set. Then for any integer w,
∑
p∈MS1
Np(w) =
∑
p∈MS1
Np(−w),
where Np(w) is the multiplicity of w in the isotropy representation TpM .
Moreover, there exist fixed points whose numbers of negative weights
differ by 1.
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Lemma 2.4. [J2] Let the circle act on a compact almost complex manifold
M with a non-empty discrete fixed point set such that dimM > 0. Then
there exists i such that N i 6= 0 and N i+1 6= 0.
Let the circle act effectively on a compact almost complex manifold M
with a non-empty discrete fixed point set MS
1
. Let w > 1 be a positive
integer. As a subgroup of S1, Zw acts on M . The set M
Zw of points
fixed by the Zw-action is a union of smaller dimensional almost complex
submanifolds. Assume that an S1-fixed point p ∈ MS
1
is contained in a
connected component Z of MZw . Then p has exactly m weights that are
divisible by w if and only if dimZ = 2m. We shall denote by ΣZp the multiset
of weights in the isotropy representation TpZ, n
Z
p the number of negative
weights in TpZ, and N
i
Z the number of fixed points in Z with n
Z
p = i. If two
fixed points p and p′ are in the same connected component Z, then their
weights are equal modulo w.
Lemma 2.5. [T], [GS] Let the circle act on a compact almost complex
manifold M . Let p and p′ be fixed points which lie in the same connected
component of MZw , for some positive integer w. Then the S1-weights at p
and at p′ are equal modulo w.
The Lemma 2.5 means that, there exists a bijection π : {1, · · · , n} −→
{1, · · · , n} such that wip ≡ w
π(i)
p′ mod w for each i.
Let w > 1 be an integer. Consider an effective circle action on a compact
almost complex manifold with a discrete fixed point set. For each fixed
point p, denote by mwp (m
w
p (+), m
w
p (−), respectively) the number of weights
(positive weights, negative weights, respectively) at p that are divisible by
w. As an immediate consequence of Theorem 2.1, we can prove the following
lemma, which will be used frequently, to prove Theorem 1.2.
Lemma 2.6. Let the circle act effectively on a compact almost complex
manifold M with a discrete fixed point set. Let w > 1 be an integer.
(1) If there exists a fixed point p with mwp = 1, then there exists at least one
more fixed point p′ with mwp′ = 1.
(2) If there exists a fixed point p with mwp = 3, then there exists at least one
more fixed point p′ with mwp′ = 3.
(3) If there exists a fixed point p with mwp = 2, then there exist at least two
more fixed points p′ and p′′ with m2p′ = 2, m
w
p′′ = 2. Moreover, one of
them satisfies mwq (−) = 0, one of them satisfies m
w
q (−) = 1, and one of
them satisfies mwq (−) = 2.
(4) If there exists a fixed point p with mwp ≥ 4, then there exist at least three
more fixed points q with mwq = 4.
Proof. Consider the setMZw of points inM that are fixed by the Zw-action,
where Zw acts on M as a subgroup of S
1. Since the action is effective, MZw
is a union of smaller dimensional almost complex manifolds. Let Z be a
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connected component of MZw that contains an S1-fixed point p. Then p
has precisely m weights that are divisible by w if and only if dimZ = 2m.
There is an induced action S1 = S1/Zw on Z. The induced action has p as
a fixed point. Therefore, by Theorem 2.1,
(1) if m = 1, then the induced action on Z must have one more fixed point
p′.
(2) if m = 3, then the induced action on Z must have at least one more
fixed point p′.
(3) if m = 2, then the induced action on Z must have at least two more
fixed points p′, p′′.
(4) if m ≥ 4, then the induced action on Z must have at least three more
fixed points p′.
Since p′ ∈ Z (and p′′ ∈ Z), p′ (and p′′) has exactly m weights that are
divisible by w. Suppose that m = 2. Applying Theorem 2.2 for the induced
S1-action on Z, it follows that N0Z = N
2
Z . Applying Lemma 2.5 for the
induced action, there exists i such that N iZ 6= 0 and N
i+1
Z 6= 0. It follows
that N iZ 6= 0 for 0 ≤ i ≤ 2. This proves the second statement of (3). 
The following lemma is a generalization of the result on a semi-free sym-
plectic circle action on a compact symplectic manifold with a discrete fixed
point set [TW] [L]. Our proof is adapted from [L].
Lemma 2.7. Let the circle act on a 2n-dimensional compact almost complex
manifold with a non-empty discrete fixed point set. Assume that all the
weights are ±w for some positive integer w. Then the number of fixed points
is k · 2n for some positive integer k. Moreover, N i = k ·
(n
i
)
, where N i is the
number of fixed points that have exactly i negative weights.
Proof. Quotient out by the subgroup Zw that acts trivially on M . Now the
action is semi-free, that is, free outside the fixed point set. Therefore, all
the weights are now ±1. By Theorem 2.2, we have
χ0(M) = N0 =
∑
p∈MS1
1∏n
i=1(1− t
±1)
=
∑n
i=0N
i(−t)i
(1− t)n
.
Since the fixed point set are non-empty, one of N i is non-zero. This implies
that χ0(M) > 0. Assume that χ0(M) = N0 = k. Then it follows that
N i = k ·
(n
i
)
. 
The example of such a manifold is a k-copies of S2 × · · · × S2, where the
circle acts on each S2 by rotation at speed w. One of the key steps to prove
Theorem 1.2 is to consider the largest weight among all the weights. The
following lemma states how the largest weight behaves.
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Lemma 2.8. Let the circle act on a compact almost complex manifold with
a discrete fixed point set. Let l be the largest weight. Let Z be a connected
component of the set MZl of points fixed by the Zl-action. If Z contains an
S1-fixed point p, then the induced S1-action on Z has k · 2m fixed points for
some integer k, where 2m = dimZ. Moreover, N iZ = k ·
(m
i
)
, where N iZ is
the number of fixed points that have the weight (−l) i-times.
Proof. Let Z be a connected component of MZl . On Z, there is an induced
action of S1 = S1/Zl. If p is a fixed point of the induced action, then the
weights in the isotropy representation of TpZ are ±l. Applying Lemma 2.7
for the induced action on Z, the lemma follows. 
If we push-forward the class α = 1 in the Atiyah-Bott-Berline-Vergne
localization formula, we obtain the following lemma; see, for instance, section
2 of [PT] (take α = 1 in Theorem 7 of [PT]).
Lemma 2.9. Let the circle act on a compact almost complex manifold M
with a discrete fixed point set such that dimM > 0. Then
∑
p∈MS1
1∏n
i=1 w
i
p
= 0.
The following example illustrates a circle action on a 4-dimensional com-
pact almost complex manifold with 4 fixed points, whose weights are as in
Theorem 1.1.
Example 2.10. Let n be an integer. Consider a Hirzebruch surface {([z0 :
z1 : z2], [w1 : w2]) ∈ CP
2 ×CP1|z1w
n
2 = z2w
n
1 }. For g ∈ S
1 ⊂ C, let g act by
g · ([z0 : z1 : z2], [w1 : w2]) = ([g
az0 : z1 : g
nbz2], [w1 : g
bw2]). The action has
4 fixed points, p1 = ([1 : 0 : 0], [1 : 0]), p2 = ([1 : 0 : 0], [0 : 1]), p3 = ([0 : 1 :
0], [1 : 0]), p4 = ([0 : 0 : 1], [0 : 1]).
(1) At p1, (
z1
z0
,
w2
w1
) become local coordinates. Locally, the S1-action is given
by g · (
z1
z0
,
w2
w1
) = (
z1
gaz0
,
gbw2
w1
) = (g−a
z1
z0
, gb
w2
w1
). Therefore, the weights
at p1 are Σp1 = {−a, b}.
(2) At p2, (
z2
z0
,
w1
w2
) become local coordinates. Local action of S1-action is
given by g · (
z2
z0
,
w1
w2
) = (gnb−a
z2
z0
, g−b
w1
w2
). The weights at p2 are Σp2 =
{nb− a,−b}.
(3) At p3, (
z0
z1
,
w2
w1
) become local coordinates. Local action of S1-action is
given by g ·(
z0
z1
,
w2
w1
) = (ga
z0
z1
, gb
w2
w1
). The weights at p3 are Σp3 = {a, b}.
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(4) At p4, (
z0
z2
,
w1
w2
) become local coordinates. Local action of S1-action is
given by g · (
z0
z2
,
w1
w2
) = (ga−nb
z0
z2
, g−b
w1
w2
). The weights at p4 are Σp4 =
{a− nb,−b}.
The following examples describe a circle action on a 6-dimensional com-
pact almost complex manifold with 4 fixed points, whose weights are the
same as the first, second, third (for a = 4, 5 only), and fourth case of Theo-
rem 1.2.
Example 2.11. Let g ∈ S1 ⊂ C act on CP3 by g · [z0 : z1 : z2 : z3] = [z0 :
gaz1 : g
bz2 : g
cz3] for mutually distinct positive integers a, b, c. The fixed
points are [1 : 0 : 0 : 0], [0 : 1 : 0 : 0], [0 : 0 : 1 : 0], [0 : 0 : 0 : 1]. The weights
at the fixed points are {a, b, c}, {−a, b − a, c− a}, {−b, a− b, c− b}, {−c, a−
c, b− c}, respectively.
Example 2.12. [A] Let g ∈ S1 ⊂ C act on the complex quadric Q3 =
{[z0 : z1 : z2 : z3 : z4] ∈ CP
4|z0z2 + z2z3 + z
3
4 = 0} by g · [z0 : z1 : z2 :
z3 : z4] = [g
az0 : g
−az1 : g
bz2 : g
−bz3 : z4] for mutually distinct positive
integers a, b. The fixed points are [1 : 0 : 0 : 0 : 0], [0 : 1 : 0 : 0 : 0], [0 :
0 : 1 : 0 : 0], [0 : 0 : 0 : 1 : 0] and the weights at the fixed points are
{−a, b− a,−b− a}, {a, b+ a,−b+ a}, {−b, a+ b,−a− b}, {b, a+ b,−a+ b},
respectively.
Example 2.13. For the examples of a manifold of the third type in Theo-
rem 1.2 with a = 4 or 5, refer to [A] for complex description and [M] for
symplectic description.
Example 2.14. [K2] The 6-sphere S6 can be though of as the quotient of
the Lie group G2 by SU(3). It admits an S
1-action with two fixed points.
By Theorem 2.1, it follows that the weights at the two fixed points are Σp1 =
{−a− b, a, b} and Σp2 = {−a,−b, a+ b} for some positive integers a and b.
By taking a disjoint union of circle actions on two 6-spheres each of which
has two fixed points, the fourth type of Theorem 1.2 is provided.
Remark 2.15. In this remark, we discuss a possibility on the existence of a
manifold of the fifth type or the sixth type in Theorem 1.2. Let the circle act
on a 6-dimensional compact almost complex manifold with two fixed points
(as a rotation on S6) as in Theorem 2.1.
First, suppose that a < b and we are able to blow up (either complex
or symplectic) a neighborhood of p1. Then the blow up would replace p1
by three fixed points whose weights are Σq1 = {−2a − b, a, b − a},Σq2 =
{−a− b, 2a+ b, a+ 2b},Σq3 = {a− b,−a− 2b, b}. Let a = A and B = b− a
and write weights in terms of A and B. The blown up manifold M ′ then
would have the fixed point data same as the fifth case of Theorem 1.2.
Second, consider the isotropy sphere Z = S2 whose isotropy group is Zb.
Note that the isotropy sphere Z can be realized as the b-edge in Figure 3b.
Suppose that we are able to blow up a neighborhood of Z. This would result
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in replacing the two fixed points p1 and p2 by 4 fixed points whose weights
are {−a− b, a+2b, b}, {−a−2b, a, b}, {−a,−b, a+2b}, {−b,−a−2b, a+ b}.
By changing a and b, the sixth case of Theorem 1.2 would be achieved.
Therefore, a problem of the existence of a manifold of the fifrh type and
the sixth type may be reduced to the existence problem of a manifold with two
fixed points that is (locally) complex or symplectic. While a rotation of S6
provides a manifold with 2 fixed points, it is not known if there is a complex
structure preversing circle action on S6 with 2 fixed points. On the other
hand, it is not known if there exists a 6-dimensional symplectic manifold
with 2 fixed points (S6 cannot be symplectic) and this is an open question
in equivariant symplectic geometry. If there exists such a manifold (either
complex or symplectic), then the fifth type and the sixth type of Theorem 1.2
would be obtained.
3. Special Multigraphs
Let the circle act on a compact almost complex manifoldM with a discrete
fixed point set. It is known that there exists a multigraph that describes
M [GS], [JT]. In this section, we associate a multigraph where we draw
edges differently depending on the size of weights; see Lemma 3.5. While
our choice looks a bit more complicated, it reduces the computation for the
classification of our main results.
First, we discuss the properties of small weights. In [J2], the author
introduces the notion of primitive weights. A positive weight w is called
primitive if w cannot be written as the sum of positive weights, other then w
itself. Primitive weights are well-behaved in a sense that, for each primitive
weight w, the number of times the weight +w occurs at fixed points p with
np = i is equal to the number of times the weight −w occurs at fixed points
p with np = i + 1, for all i. In this paper, we shall only use the fact that
the smallest positive weight and the second smallest positive weight are
primitive.
Lemma 3.1. Let the circle act on a compact almost complex manifold with
a discrete fixed point set. Let w be either the smallest positive weight or
the second smallest positive weight among weights over all the fixed points,
counted with multiplicity. Then for each i, the number of times w occurs at
fixed points with np = i is equal to the number of times −w occurs at fixed
points with np = i+ 1.
Remark 3.2. The smallest positive weight and the second smallest positive
weight may be equal. Moreover, there may be other weights that are equal to
the second smallest positive weight. The third smallest positive weight need
not be primitive; see (2)(b) of Theorem 2.1 or Example 2.13.
Let the circle act on a compact almost complex manifoldM with a discrete
fixed point set. Let w be a positive integer. As we have seen in Lemma 2.3,
the number of times weight w occurs over all the fixed points, counted with
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multiplicity, is the same as the number of times weight −w occurs over all the
fixed points, counted with multiplicity. From this, a multigraph associated
to M has been considered either implicitly or explicitly; we draw an edge ǫ
from a fixed point p having weight w to a fixed point p′ having weight −w.
The direction implies that an edge goes from a fixed point p having positive
weight w to a fixed point p′ having negative weight −w. We label the edge
by w to encode weight w.
Definition 3.3. A labelled, directed multigraph consists of a set V of
vertices, a set E of edges, maps i : E → V and t : E → V that give the initial
vertex and the terminal vertex of each edge, and a map w : E → N+ where
N
+ is the set of positive integers.
Definition 3.4. Let the circle act on a compact almost complex manifold
M with a discrete fixed point set. A (labelled, directed) multigraph is called
a multigraph associated to M if for any fixed point p, the multiset of
weights at p are {w(ǫ) | i(ǫ) = p} ∪ {−w(ǫ) | t(ǫ) = p}.
An edge ǫ is called a loop if i(ǫ) = t(ǫ). We show that we can associate
a multigraph without any loop that satisfies extra properties.
Lemma 3.5. Let the circle act on a compact almost complex manifold M
with a discrete fixed point set. Then there exists a multigraph associated to
M with following properties:
(1) Given an edge ǫ, if w(ǫ) is smaller than or equal to the second smallest
positive weight, then ni(ǫ) + 1 = nt(ǫ).
(2) Given an edge ǫ, if w(ǫ) is strictly bigger than the second smallest pos-
itive weight, then the weights at i(ǫ) and the weights at t(ǫ) are equal
modulo w(ǫ).
(3) The graph has no loops.
Proof. Let w be a positive weight that is smaller than or equal to the second
smallest positive weight. By Lemma 3.1, for each i, the number of times
w occurs at fixed points with np = i is equal to the number of times −w
occurs at fixed points with np = i+1. We draw edges ǫ with label (weight)
w(ǫ) = w from fixed points with np = i having weight w to fixed points with
np = i+ 1 having weight −w. This proves the first part.
Let w be an integer that is strictly bigger than the second smallest posi-
tive weight. The smallest positive weight in the isotropy submanifold MZ/w
is w itself. Let Z be a connected component of MZ/w. Applying Lemma 3.1
for the induced action of S1 = S1/Zw, the number of times the weight +w
occurs in points with nZp = i in Z is equal to the number of times the weight
−w occurs in points with nZp = i+ 1 in Z, for each i. Draw edges ǫ whose
label is w accordingly by this recipe. Let ǫ be an edge with w(ǫ) = w. Then
by our choice of graph, i(ǫ) and t(ǫ) are in the same connected component
Z of MZ/w. Therefore, by Lemma 2.5, the weights at i(ǫ) and the weights
at t(ǫ) are equal modulo w. 
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Remark 3.6. In [JT], a multigraph is said to describe M if in addition,
the two endpoints i(ǫ) and t(ǫ) are in the same component of the isotropy
submanifold MZ/(w(ǫ)) for each edge ǫ. It is called an integral multigraph
in [GS]. In this paper, we draw an edge ǫ as in [JT] if w(ǫ) is not small.
If a weight is small, we want to draw an edge differently, by using Lemma
3.1. While our choice of multigraphs seems more complicated, it reduces the
number of multigraphs to consider.
4. 4-dimension with 4 fixed points
In this section, we prove Theorem 1.1; we determine the fixed point data
of a circle action on a compact almost complex manifold M , when the di-
mension of the manifold is 4 and there are 4 fixed points. The proof of
Theorem 1.1 will be given at the end of this section. First, we consider a
multigraph associated to M , that satisfies the conditions in Lemma 3.5.
Lemma 4.1. Let the circle act on a 4-dimensional compact almost complex
manifold with 4 fixed points. Then N0 = 1, N2 = 2, and N2 = 1. Let pi
be fixed points such that np1 = 0, np2 = 1, np3 = 1, and np4 = 2. Then
exactly one of the figures in Figure 4 occurs as a multigraph associated to
M that satisfies the conditions in Lemma 3.5. Alternatively, exactly one of
the following holds for the multisets of weights at pi:
(1) Σp1 = {a, b}, Σp2 = {−a, c}, Σp3 = {−b, d}, and Σp4 = {−c,−d} for
some positive integers a, b, c, and d.
(2) Σp1 = {a, b}, Σp2 = {−a, c}, Σp3 = {−c, d}, and Σp4 = {−b,−d} for
some positive integers a, b, c, and d.
Proof. By Theorem 2.2, N0 = N2. By Lemma 2.4, there exists i such that
N i 6= 0 and N i+1 6= 0. These imply that N0 = N2 = 1 and N1 = 2.
We draw a multigraph in the sense of Lemma 3.5. Label fixed points by
pi such that np1 = 0, np2 = 1, np3 = 1, and np4 = 2. Let a and b be positive
weights at p1. By the first condition of Lemma 3.5, there cannot be two
edges between p1 and p4. By condering possible multigraphs, the lemma
follows. 
Therefore, our task to prove Theorem 1.1 is to classify the multisets of
weights at the fixed points in each case of Lemma 4.1.
Lemma 4.2. Suppose that the first case in Lemma 4.1 holds. Then either
b = c or a = d. If b = c, then either a ≡ d mod b, or a ≡ −d mod b. If
a = d, then either b ≡ c mod a, or b ≡ −c mod a.
Proof. By Lemma 2.9, we have
0 =
1
ab
+
1
(−a)c
+
1
(−b)d
+
1
(−c)(−d)
= (
1
a
−
1
d
)(
1
b
−
1
c
).
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p1
p2 p3
p4
a b
c d
(a) Case 1 p1
p2
p3
p4
a
bc
d
(b) Case 2
Figure 4. Multigraphs for 4-dimension with 4 fixed points.
Therefore, either b = c or a = d.
First, suppose that b = c. By quotienting out by the subgroup that acts
trivially, we may assume that the action is effective. The lemma follows if
b = 1. Next, suppose that b > 1. Consider MZb , the set of points in M that
are fixed by the Zb-action, where Zb acts on M as a subgroup of S
1. Let
Z be a connected component of MZb that contains p1. Since the action is
effective, dimZ = 2. Moreover, there is an induced action of S1 = S1/Zb
that acts on Z. Since the induced action has p1 as a fixed point, it follows
that Z is the 2-sphere and it contains another fixed point p that has weight
−b. Therefore, p is either p3 or p4. By Lemma 2.5, the weights at p1 and
the weights at p are equal modulo b. If p is p3 we have a ≡ d mod b and if
p is p4 we have a ≡ −d mod b.
By the symmetry between a and b, and c and d, the other case follows.

Lemma 4.3. Suppose that the second case in Lemma 4.1 holds. Then b = c.
Moreover, either a ≡ d mod b or a ≡ −d mod b.
Proof. By Lemma 2.9, we have
0 =
1
ab
+
1
(−a)c
+
1
(−c)d
+
1
(−b)(−d)
= (
1
a
+
1
d
)(
1
b
−
1
c
).
Therefore, we have that b = c. For the rest we proceed as in the proof
of Lemma 4.2. Let Z be a connected component of MZb that contains p1
that has weight b. If Z contains p3 then a ≡ d mod b by Lemma 2.5. If Z
contains p4 then a ≡ −d mod b. 
With the above, we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. This follows from Lemma 4.1, Lemma 4.2, and Lemma
4.3. 
Remark 4.4. Given a circle action on a compact almost complex manifold
M with a discrete fixed point set, one may wonder if Theorem 2.2 gives all
the information on the fixed point data, as it does, for instance for semi-free
symplectic circle actions (Theorem 3.3 of [L]) or when there are two fixed
points (Theorem 2.8 of [J3]). When dimM = 4 and there are 4 fixed points,
from Lemma 4.1 one can check that Theorem 2.2 tells us the fixed point data
is {a, b}, {−a, b}, {−b, c}, {−b,−c} for some positive integers a, b, c. How-
ever, Theorem 2.2 does not tell us that we must have either a ≡ c mod b or
a ≡ −c mod b.
5. 6-dimension with 4 fixed points: the case that Todd(M) = 1
In this section, we classify the fixed point data of a circle action on a
6-dimensional almost complex manifold M with 4 fixed points, when the
Todd genus of M is 1. First, we consider a multigraph associated to M in
the sense of Lemma 3.5. And then in each case, we classify the fixed point
data.
Lemma 5.1. Let the circle act effectively on a 6-dimensional compact al-
most complex manifold with 4 fixed points, whose Todd genus is 1. Then
N i = 1 for i = 0, 1, 2, 3. Let pi be a fixed point with npi = i, for i = 0, 1, 2, 3.
Then there exist positive integers a, b, c, d, e, f so that exactly one of the fig-
ures in Figure 5 occurs as a multigraph associated to M that satisfies the
conditions in Lemma 3.5. Alternatively, exactly one of the following holds
for the multisets of weights at pi:
(1) Σp0 = {a, b, c},Σp1 = {−d, e, f},Σp2 = {−e,−f, d},Σp3 = {−a,−b,−c}.
(2) Σp0 = {a, b, c},Σp1 = {−c, d, e},Σp2 = {−d,−e, f},Σp3 = {−a,−b,−f}.
(3) Σp0 = {a, b, c},Σp1 = {−a, d, e},Σp2 = {−b,−d, f},Σp3 = {−c,−e,−f}.
(4) Σp0 = {a, b, c},Σp1 = {−c, d, e},Σp2 = {−a,−b, f},Σp3 = {−d,−e,−f}.
Proof. By Theorem 2.2, 1 = Todd(M) = N0 = N3 and N1 = N2. Hence,
N i = 1 for 0 ≤ i ≤ 3. Let pi be fixed points with npi = i, for 0 ≤ i ≤ 3.
There exists a multigraph associated toM that satisfies properties in Lemma
3.5. Let mi be the number of edges between p0 and pi, for i = 1, 2, 3. Then
we have m1 +m2 +m3 = 3, 0 ≤ mi for all i, m1 ≤ 1, and m2 ≤ 2.
First, suppose that m1 = 0. If m2 > 0, then any multigraph associated to
M without any loop does not have at least two edges ǫ with ni(ǫ)+1 = nt(ǫ),
which contradicts the first property of Lemma 3.5. Therefore, if m1 = 0,
then m2 = 0 and m3 = 3. This is the first case of the lemma (Figure 5a).
Second, suppose that m1 = 1. Then either m2 = 0, m2 = 1, or m2 = 2.
This is the second (Figure 5b), third (Figure 5c), and fourth case (Figure
5d) of the lemma, respectively. 
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p2
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(a) Case 1
p0
p1
p2
p3
a b
c
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f
(b) Case 2
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a
b
c d
e
f
(c) Case 3
p0
p1
p2
p3
a b
c
ed
f
(d) Case 4
Figure 5. 6 dimension, 4 fixed points, Todd(M) = 1.
Let l be the largest weight that occurs. In the next lemma, we prove that
the maximum dimension of MZl is 2. In other words, at each fixed point,
there cannot be more than one weight that is divisible by l.
Lemma 5.2. Let the circle act effectively on a 6-dimensional compact al-
most complex manifold with 4 fixed points and with Todd(M) = 1. Let l be
the largest weight among all the weights. Then l > 1 and the dimension of
a connected component of MZl that contains a fixed point having the weight
l is two. In particular, any fixed point cannot have more than one weight
that is a multiple of l.
Proof. We can associate a multigraph that satisfies the conditions in Lemma
3.5. By Lemma 5.1, one of the figures in Figure 7 occurs as a multigraph
associated toM . Since there exists an edge ǫ with ni(ǫ)+1 6= nt(ǫ), it follows
that l > 1. Suppose that a fixed point p has the weight l. Consider the set
MZl of points fixed by the Zl-action. Let Z be a connected component of
MZl that contains p. Since l > 1 and the action is effective, 2 ≤ dimZ ≤ 4.
Suppose that dimZ = 4. By Lemma 2.8, Z contains k · 22 fixed points for
some positive integer k, i.e., Z contains all the 4 fixed points. Moreover,
N iZ =
(2
i
)
for 0 ≤ i ≤ 2. It follows that the weights at the fixed points
are then {l, l, a}, {−l, l, b}, {−l,−c, l}, {−d,−l,−l} for some positive integers
a, b, c, d < l. By Lemma 2.5, the weights at any two fixed points are equal
modulo l, since they all lie in Z. This implies that a = b = l− c = l−d, i.e.,
the weights are {l, l, a}, {−l, l, a}, {−l, a − l, l}, {a − l,−l,−l}. By Lemma
2.3, a = l−a, i.e., l = 2a. By the effectiveness of the action, this implies that
a = 1. The weights are then {2, 2, 1}, {−2, 2, 1}, {−1,−2, 2}, {−1,−2,−2}.
By Theorem 2.2,
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1 = χ0(M) =
1
(1− t2)2(1− t)
+
1
(1− t−2)(1 − t2)(1− t)
+
1
(1− t−1)(1− t−2)(1 − t2)
+
1
(1− t−1)(1 − t−2)(1− t−2)
=
1− t2 + t3 − t5
(1− t)(1− t2)2
,
which cannot hold. Therefore, dimZ = 2. 
Remark 5.3. To reduce the proof, we may reverse the circle action. By
reversing a circle action we mean that g ∈ S1 acts on M by g · p = g−1p
for every p ∈ M . At each fixed point, this reverses the sign of each weight.
For instance, suppose that we consider Case 2 in Lemma 5.1. We begin
by which weight is the largest weight. Suppose that c is the largest weight.
Then reverse the circle action. Then the weights are Σp3 = {a, b, f},Σp2 =
{−f, d, e},Σp1 = {−d,−e, c},Σp0 = {−a,−b,−c}. The associated multi-
graph is the same, with p0 and p3 changed, p1 and p2 changed, and c and f
changed. Therefore, once we deal with the case where c is the largest weight,
then we do not need to deal with the case where f is the largest weight. We
frequently use this phenomenon in the proof of Theorem 1.2.
Lemma 5.4. The first case in Lemma 5.1 does not hold.
Proof. The weights e and f are the only weights whose corresponding edge
ǫ satisfies ni(ǫ) + 1 = nt(ǫ). By Lemma 3.5, this implies that {e, f} are
the first and second smallest positive weights and other positive weights are
strictly bigger then e, f . In particular, e < d and f < d. Therefore, by the
second condition of Lemma 3.5 for the edge ǫd whose label (weight) is d,
the weights at p1 and p2 are equal modulo d, i.e., {e, f,−d} ≡ {−e,−f, d}
mod d. These imply that e+ f = d. By Theorem 2.2, we have
χ0(M) = N0 = 1 =
1
(1− ta)(1− tb)(1 − tc)
+
1
(1− t−e−f)(1 − te)(1 − tf )
+
1
(1− te+f )(1− t−e)(1− t−f )
+
1
(1− t−a)(1− t−b)(1− t−c)
=
1
(1− ta)(1− tb)(1− tc)
−
te+f
(1− te+f )(1− te)(1− tf )
+
te+f
(1− te+f )(1− te)(1− tf )
−
ta+b+c
(1− ta)(1 − tb)(1− tc)
=
1− ta+b+c
(1− ta)(1 − tb)(1− tc)
,
which is impossible. 
Lemma 5.5. Suppose that the second case in Lemma 5.1 holds. Then the
multisets of weights are {1, 2, 3}, {−1, 1, a}, {−1,−a, 1}, and {−1,−2,−3}
for some positive integer a. This is the third case of Theorem 1.2.
18 DONGHOON JANG
Proof. By the symmetry between a and b, d and e, and by reversing the
circle action (see Remark 5.3), we may assume that one of the following
holds for the largest weight:
(1) c is the largest weight.
(2) a is the largest weight.
(3) d is the largest weight.
First, suppose that the case (1) holds. Since Σp0 = {a, b, c},Σp1 =
{−c, d, e}, and c is the largest weight, by Lemma 5.2, it follows that a, b, d, e <
c. By the second condition of Lemma 3.5, Σp0 = {a, b, c} ≡ {−c, d, e} = Σp1
mod c. This implies that {a, b} = {d, e}. By the first condition of Lemma
3.5, a and b are strictly biggest than the second smallest positive weight.
This implies that d and e are also bigger than the second smallest positive
weight. It follows that f is the smallest positive weight. However, there is
no second smallest positive weight, which is a contradiction. Therefore, c
cannot be the largest weight.
Second, suppose that the case (2) holds. By Lemma 5.2, b, c, f < a. By
the second condition of Lemma 3.5, Σp0 = {a, b, c} ≡ {−a,−b,−f} = Σp3
mod a. Then either
(a) 2b = a and c+ f = a, or
(b) b+ f = a and b+ c = a.
Assume that the case (a) holds. If b = c, then the weights at p0 are
{a, b, c} = {2b, b, b}. The effectiveness of the action implies that b = 1.
However, by the first condition of Lemma 3.5, b cannot be the smallest
positive weight since its edge ǫ has ni(ǫ) + 3 = nt(ǫ). Therefore, b 6= c. Since
c+ f = a = 2b, this also implies that f 6= b. Since p0 has m
b
p0 = 2, by (3) of
Lemma 2.6, p1 or p2 must have two weights that are divisible by b. Since c
and f are not multiples of b, d and e must be multiples of b. Then we have
mbp0(−) = 0, m
b
p1(−) = 0, m
b
p2(−) = 2, and m
b
p3(−) = 2, which contradicts
the second statement of (3) of Lemma 2.6.
Assume that the case (b) holds. Similar to the case (a), we have that
b 6= c. Suppose that b > c. Then by the second condition of Lemma 3.5
for b, Σp0 = {b + c, b, c} ≡ {−b − c,−b,−c} = Σp3 mod b. This implies
that b = 2c. Then it follows that a = 3c and Σp0 = {3c, 2c, c}. Since
the action is effective, this implies that c = 1. We show that at least one
of d or e is equal to 1. For this, assume not. Since the biggest weight is
a = 3, {d, e} = {2, 2}, {2, 3}, or {3, 3}. If it is {2, 2} or {3, 3}, then by (3)
of Lemma 2.6, p0 or p3 must have precisely two weights that are multiples
of 2 or 3, respectively. However, the weights at p0 and p3 are {1, 2, 3}
and {−1,−2,−3}, which is a contradiction. Assume that {d, e} = {2, 3}.
Without loss of generality, let e = 3. Then by the second condition of
Lemma 3.5 for e = 3, we have Σp1 = {−1, 2, 3} ≡ {−2,−3, 1} = Σp2 mod 3.
However, this cannot hold. Therefore, at least one of d or e is equal to 1.
This is the third case of Theorem 1.2.
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Next, suppose that c > b. Since c = f and b < c, by Lemma 3.5 it
implies that {d, e} must be the smallest and the second smallest positive
weights. By the second condition of Lemma 3.5 for c, Σp0 = {b+ c, b, c} ≡
{−c, d, e} = Σp1 mod c, but this cannot hold.
Third, suppose that the case (3) holds. By Lemma 5.2, c, e, f < d. By
the second condition of Lemma 3.5, Σp1 = {−c, d, e} ≡ {−d,−e, f} = Σp2
mod d. This implies that either
(a) c = e and e = f , or
(b) c+ f = d and 2e = d.
Assume that the case (a) holds, i.e., c = e = f . Then c is either the
smallest positive weight or the second smallest positive weight. Suppose
that c > 1. Then we have mcpi = 2 for i = 1, 2. By (3) of Lemma 2.6, it
follows that mcp0 = 2 or m
c
p3 = 2. This implies that exactly one of a and b
is a multiple of c. Without loss of generality, let a = kc for some positive
integer k. If we apply Lemma 2.9 to the induced action of S1 = S1/Zc on
MZc , we have
0 =
∑
p∈(MZc)S1
1∏
wip
=
1
kc2
−
1
c2
−
1
c2
+
1
kc2
.
Therefore, k = 1 and a = c. However, this contradicts the first condition
in Lemma 3.5 since c is either the smallest or the second smallest positive
weight, but the edge ǫ for the weight a has ni(ǫ) + 3 = nt(ǫ). Therefore,
c = e = f = 1.
Next, we show that a 6= b. For this, suppose that a = b. Then mbp0 = 2
and hence by (3) of Lemma 2.6, we must havemap1 = 2 orm
a
p2 = 2. However,
since c = e = f = 1, p2 and p3 cannot have two weights that are divisible
by a. Therefore, a 6= b. Without loss of generality, let a > b. By the second
condition of Lemma 3.5 for a, Σp0 = {a, b, 1} ≡ {−a,−b,−1} = Σp3 mod a.
Note that a > b > 1 and hence a > 2. This implies that a = b + 1. Next,
By the second condition of Lemma 3.5 for b, we have Σp0 = {b + 1, b, 1} ≡
{−b− 1,−b,−1} = Σp3 mod b. It follows that b = 2. This is the third case
of Theorem 1.2.
Assume that the case (b) holds. If c = f , then the weights at p1 are
{−c, 2c, c}. Since the action is effective, this implies that c = 1. By the
second condition of Lemma 3.5, this implies that a = b = 2, since the
biggest weight is 2. Then we have m2p0 = 2, m
2
p1 = 1, m
2
p2 = 1, and m
2
p3 = 2,
which contradicts (3) of Lemma 2.6.
It follows that c 6= f . Without loss of generality, by reversing the circle
action (see Remark 5.3), we may assume that c > f . By the first condition of
Lemma 3.5, two of c, d, e, f are the smallest and the second smallest positive
weights. On the other hand, d is the biggest weight, d = 2e, d = c+ f , and
c > f . This implies that f is the smallest positive weight and e is the second
smallest positive weight. The second condition of Lemma 3.5 also implies
that a > e = d2 and b > e =
d
2 .
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Suppose that a = b. Then we have map0 = 2. By (3) of Lemma 2.6, this
implies that map1 = 2 or m
a
p2 = 2. It follows that d and e must be divisible
by a, which is a contradiction since a > e.
Therefore, a 6= b. Without loss of generality, assume that a > b. By the
second condition of Lemma 3.5 for a, we have Σp0 = {a, b, c} ≡ {−a,−b,−f} =
Σp3 mod a. Then one of the following holds:
(i) 2b = a and c+ f = a.
(ii) b+ f = a and b+ c = a.
The case (i) is impossible since a ≤ d and d2 < b. The case (ii) is also im-
possible since c 6= f . 
Lemma 5.6. Suppose that the third case in Lemma 5.1 holds. Then the
multisets of weights are either
(1) {a, b, c}, {−a, b − a, c− a}, {−b, a − b, c− b}, {−c, a − c, b− c} for some
positive integers a, b, c, or
(2) {a, a+ b, a+2b}, {−a, b, a+2b}, {−a−2b,−b, a}, {−a−2b,−a− b,−a}
for some positive integers a, b.
This is the first case or the second case of Theorem 1.2.
Proof. By reversing the circle action if necessary (Remark 5.3), we may
assume that one of the following holds for the largest weight:
(1) a is the biggest weight.
(2) b is the biggest weight.
(3) c is the biggest weight.
(4) d is the biggest weight.
First, suppose that the case (1) holds. By Lemma 5.2, b, c, d, e < a. Since
a, d, f are the only weights whose edges ǫ satisfy ni(ǫ)+1 = nt(ǫ), by Lemma
3.5, it follows that {d, f} are the smallest and the second smallest positive
weights. Moreover, d and f are strictly smaller than a, b, c, and e. By the
second condition of Lemma 3.5 for a, we have Σp0 = {a, b, c} ≡ {−a, d, e} =
Σp1 mod a. This implies that b = d or c = d, which is a contradiction.
Second, suppose that the case (2) holds. By Lemma 5.2, a, c, d, f < b.
By the second condition of Lemma 3.5 for b, we have {a, b, c} ≡ {−b,−d, f}
mod b. It follows that either
(a) a+ d = b and c = f .
(b) a = f and c+ d = b.
Assume that the case (a) holds. Since c = f , it follows that f cannot
be the smallest or the second smallest positive weight. Therefore {a, d} are
the smallest and the second smallest positive weights. Therefore, by Lemma
3.5, a < c and d < c. Next, since Σp3 = {−c,−e,−c(= −f)} and the action
is effective, e 6= c and mcp3 = 2. By (3) of Lemma 2.6, at least two of p1, p2,
and p3 must have m
c
p = 2. On the other hand, 2c > b where b is the largest
weight, a < c, d < c, and e 6= c. These imply that none of a, b, d, and e can
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be a multiple of c and this leads to a contradiction. Therefore, the case (a)
cannot hold.
Assume that the case (b) holds. By Lemma 2.9, we have
0 =
1
a(c+ d)c
+
1
(−a)de
+
1
(−c− d)(−d)a
+
1
(−c)(−e)(−a)
=
(
1
ac
+
1
ad
)(
1
c+ d
−
1
e
).
This implies that c+ d = e. Next, by Theorem 2.2,
χ0(M) = N0 = 1 =
1
(1− ta)(1− tc)(1 − tc+d)
−
ta
(1− ta)(1 − td)(1− tc+d)
+
tc+2d
(1− ta)(1− td)(1 − tc+d)
−
ta+2c+d
(1− ta)(1 − tc)(1− tc+d)
.
If we multiply the equation by the least common multiple of the denomina-
tors and simplify, we get 0 = −tc + ta+d + t2c+d − ta+c+2d. It follows that
c = a+ d. The weights at the fixed points are then
Σp0 = {a, a+ d, a+ 2d},Σp1 = {−a, d, a + 2d},Σp2 =
{−a− 2d,−d, a},Σp3 = {−a− 2d,−a− d,−a}.
This is the second case of Theorem 1.2.
Third, suppose that the case (3) holds. By Lemma 5.2, we have a, b, e, f <
c. By the second condition of Lemma 3.5 for c, we have {a, b, c} ≡ {−c,−e,−f}
mod c. It follows that either
(a) a+ e = c and b+ f = c.
(b) a+ f = c and b+ e = c.
Suppose that the case (a) holds. Then we have e = c− a and f = c− b.
By Theorem 2.2, we have
χ0(M) = 1 =
1
(1− ta)(1− tb)(1 − tc)
−
ta
(1− ta)(1− td)(1 − te)
+
tb+d
(1− tb)(1− td)(1 − tf )
−
tc+e+f
(1− tc)(1− te)(1− tf )
=
[(
∞∑
i=0
tia)(
∞∑
i=0
tib)(
∞∑
i=0
tic)]− [ta(
∞∑
i=0
tia)(
∞∑
i=0
tid)(
∞∑
i=0
tie)] +
[tb+d(
∞∑
i=0
tib)(
∞∑
i=0
tid)(
∞∑
i=0
tif )]− [tc+e+f (
∞∑
i=0
tic)(
∞∑
i=0
tie)(
∞∑
i=0
tif )].
In the equation, constant terms match and tia in the first bracket cancels
out with −tia in the second bracket for each i > 0. Consider tb in the first
bracket. Since the terms with smallest exponents in the third and the fourth
brackets are tb+d and tc+e+f , tb cannot cancel out with any term in those
brackets. This implies that tb in the first bracket has to cancel out by either
−ta+d or −ta+e in the second bracket. However, a + e = c is the largest
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weight and b < c, and hence tb cancels out with −ta+d. It follows that
b = a+ d. The weights at the fixed points are then
Σp0 = {a, b, c},Σp1 = {−a, b− a, c− a},Σp2 = {−b, a− b, c− b},Σp3 =
{−c, a− c, b− c}.
This is the first case of Theorem 1.2.
Suppose that the case (b) holds. Since a, d, f are the only weights whose
edges ǫ satisfy ni(ǫ) +1 = nt(ǫ), it follows that one of a and f is at most the
second smallest positive weight. By reversing the circle action if necessary
(Remark 5.3), we may assume that a is at most the second smallest positive
weight. By the second condition of Lemma 3.5, it follows that a < b and
a < e. Since a + f = c and b + e = c, we have a < b < f < c and
a < e < f < c. This also implies that d is at most the second smallest
positive weight. It follows that d < b and d < e.
By Lemma 3.5 for f = c − a, we have Σp2 = {−b,−d, c − a(= f)} ≡
{−c+ a(= −f),−c+ b(= −e),−c} = Σp3 mod c− a(= f). Since b < c and
c = a+(c− a) < b+(c− a), −b 6= −c mod c− a. Therefore, it follows that
−b ≡ −c+ b mod c− a and −d ≡ −c mod c− a, i.e., b ≡ c− b mod c− a
and d ≡ c mod c − a. Since c = a + (c − a) < b + (c − a), it follows that
b = c − b, i.e., 2b = c. Moreover, since d < c and c − a > c2 , we have that
d+ (c− a) = c, i.e., a = d. Then the weights at the fixed points are
Σp0 = {a, b, 2b(= c)},Σp1 = {−a, a(= d), b(= b− c = e)},Σp2 = {−a(=
−d),−b, c − a(= f)},Σp3 = {−2b(= −c),−b(= b− c = −e), a− c(= −f)}.
Since mbp0 = 2, by (3) of Lemma 2.6, either m
b
p1 = 2 or m
b
p2 = 2. However,
since a < b < f < 2b, this cannot hold. Therefore, the case (b) cannot hold.
Fourth, suppose that the case (4) holds. By Lemma 5.2, a, b, e, f < d.
By the second condition of Lemma 3.5 for d, we have Σp1 = {−a, d, e} ≡
{−b,−d, f} = Σp2 mod d. It follows that one of the following holds:
(a) a = b and e = f
(b) a+ f = d and e+ b = d.
Since a, d, f are the only weights whose edges ǫ satisfy ni(ǫ) + 1 = nt(ǫ), it
follows that {a, f} are the smallest and the second smallest positive weights.
In particular, e and b are strictly bigger than a and f . It follows that a 6= b
by the first condition of Lemma 3.5 and the case (a) cannot hold. If the case
(b) holds, we have d = e+ b > a+ f = d, which is a contradiction. The case
(4) does not hold. 
Lemma 5.7. The fourth case in Lemma 5.1 does not hold.
Proof. The only weights whose edge ǫ satisfy ni(ǫ) + 1 = nt(ǫ) are c and f .
By Lemma 3.5, it follows that {c, f} are the smallest positive weight and
the second smallest positive weight, and a, b, d, e are strictly bigger and c, f .
We show that a 6= b. For this, assume that a = b. Then map = 2.
Therefore, by (3) of Lemma 2.6, map1 = 2 or m
a
p3 = 2. This implies that
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d and e are multiples of a. Then we have map0(−) = m
a
p1(−) = 0 and
map1(−) = m
a
p3(−) = 2, which contradicts (3) of Lemma 2.6.
Therefore, a 6= b. Without loss of generality, assume that a > b. By the
second condition of Lemma 3.5, we have
Σp0 = {a, b, c} ≡ {−a,−b, f} = Σp2 mod a.
This implies that either
(a) 2b = a and c = f , or
(b) b = f and b+ c = a.
However, f is either the smallest or second smallest positive weight and
hence b 6= f by the first condition of Lemma 3.5. Therefore, 2b = a and
c = f .
If we reverse the circle action(Remark 5.3) and apply the same argument
to weights d and e, we conclude that d 6= e. Without loss of generality,
assume that d > e. As before, it follows that d = 2e. The multisets of
weights are therefore
Σp0 = {2b, b, c},Σp1 = {−c, 2e, e},Σp2 = {−2b,−b, c},Σp3 = {−2e,−e, c}.
Since mbp0 = 2, by (3) of Lemma 2.6, it follows that e is a multiple of b.
We then have mbp0(−) = m
b
p1(−) = 0 and m
a
p1(−) = m
a
p3(−) = 2, which
contradicts (3) of Lemma 2.6. 
6. 6-dimension with 4 fixed points: the case that Todd(M) = 0
In this section, we classify the fixed point data of a circle action on a
6-dimensional almost complex manifold M with 4 fixed points, when the
Todd genus of M is 0. As in the case that Todd(M) = 1, we shall consider
a multigraph associated to M in the sense of Lemma 3.5, and then classify
the fixed point data in each case.
Lemma 6.1. Let the circle act effectively on a 6-dimensional compact al-
most complex manifold with 4 fixed points, whose Todd genus is 0. Then
N0 = N3 = 0 and N1 = N2 = 2. Let npi = 1 for i = 1, 2 and npi = 2
for i = 3, 4. By permuting p1 and p2 and by permuting p3 and p4 if nec-
essary, there exist positive integers a, b, c, d, e, f so that exactly one of the
figures in Figure 7 occurs as a multigraph associated to M that satisfies the
conditions in Lemma 3.5. Alternatively, exactly one of the following holds
for the multisets of weights at pi:
(1) Σp1 = {−a, b, c},Σp2 = {−c, a, d},Σp3 = {−b,−e, f},Σp4 = {−d,−f, e}.
(2) Σp1 = {−a, b, c},Σp2 = {−d, a, e},Σp3 = {−b,−e, f},Σp4 = {−c,−f, d}.
(3) Σp1 = {−a, b, c},Σp2 = {−d, a, e},Σp3 = {−b,−c, f},Σp4 = {−e,−f, d}.
(4) Σp1 = {−a, b, c},Σp2 = {−d, e, f},Σp3 = {−b,−c, a},Σp4 = {−e,−f, d}.
(5) Σp1 = {−a, b, c},Σp2 = {−d, e, f},Σp3 = {−b,−f, a},Σp4 = {−c,−e, d}.
(6) Σp1 = {−a, b, c},Σp2 = {−d, e, f},Σp3 = {−e,−f, a},Σp4 = {−b,−c, d}.
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Figure 6. Cases in Lemma 6.1.
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c
(e) (5)
p1 p2
p3 p4
b
c
a d
e
f
(f) (6)
Figure 7. Completed multigraphs in Lemma 6.1.
Proof. By Theorem 2.2, N0 = N3 and N1 = N2. By Lemma 2.4, there
exists i such that N i 6= 0 and N i+1 6= 0. Since Todd(M) = N0 = 0, it
follows that N1 = 2 and N2 = 2. Let pi be fixed points with npi = 1 for
i = 1, 2 and npi = 2 for i = 3, 4.
Next, we consider a multigraph that satisfies conditions as in Lemma 3.5.
Let −a be the negative weight at p1 and ǫa its edge, i.e., ǫa is an edge
with label (weight) a and t(ǫa) = p1. Since we can associate a multigraph
without any loop, by permuting p3 and p4 if necessary, two possibilities
occur for i(ǫa):
(i) i(ǫa) = p2, i.e., p2 has weight +a.
(ii) i(ǫa) = p3, i.e., p3 has weight +a.
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First, suppose that i(ǫa) = p2. Next, let −x be the negative weight at
p2. Let ǫx be an edge for x. By permuting p3 and p4 if necessary, two
possibilities occur for i(ǫx).
(a) i(ǫx) = p1, i.e., p1 has weight +x.
(b) i(ǫx) = p4, i.e., p4 has weight +x.
Suppose that the case (a) holds. Since there is no loop, by permuting p3
and p4 necessary, the multigraph associated to M must be as Figure 7a. In
this case, the weights are as in (1) after labelling the edges.
Suppose that the case (b) holds. In this case, if ǫu is an edge from p3,
it has to terminate at p4. Completing a multigraph in the sense of Lemma
3.5, there are two possibilities for the multigraphs; Figure 7b and Figure 7c.
The weights in this case are as in (2) and (3), respectively.
Second, suppose that i(ǫa) = p3. Let −x be the negative weight at p2 and
ǫx an edge for x. Then either i(ǫx) = p1 or i(ǫx) = p4. On the other hand,
the case that i(ǫx) = p1 is the same as the case (1)(b) by the horizontal sym-
metry if we permute p1 and p2 (and hence a and x) and permute p3 and p4.
Therefore, suppose that i(ǫx) = p4. Completing a multigraph that satisfies
the conditions as in Lemma 3.5, three possibilities occur; Figure 7d, Figure
7e, and Figure 7f. The weights are as in (4), (5), and (6), respectively. 
In the next lemma, we prove that as in the case that Todd(M) = 1, the
maximum dimension of a connected component of MZl is 2, where l is the
largest weight.
Lemma 6.2. Let the circle act effectively on a 6-dimensional compact al-
most complex manifold M with 4 fixed points, whose Todd genus is 0. Let l
be the largest weight among all the weights. Then l > 1 and the dimension of
a connected component of MZl that contains a fixed point having the weight
l is two. In particular, any fixed point cannot have more than one weight
that is a multiple of l.
Proof. We can associate a multigraph that satisfies the conditions in Lemma
3.5. By Lemma 6.1, one of the figures in Figure 7 occurs as a multigraph
associated toM . Since there exists an edge ǫ with ni(ǫ)+1 6= nt(ǫ), it follows
that l > 1. Suppose that a fixed point p has the weight l. Consider the set
MZl of points fixed by the Zl-action. Let Z be a connected component of
MZl that contains p. Since l > 1 and the action is effective, 2 ≤ dimZ ≤ 4.
Suppose that dimZ = 4. By Lemma 2.8, N iZ =
(2
i
)
. By changing p1 and p2,
and p3 and p4 if necessary, this implies that
{l, l} ⊂ Σp1 , {−l, l} ⊂ Σp2, {−l, l} ⊂ Σp3 , {−l,−l} ⊂ Σp4 .
Let the remaining weight at pi be −a, b,−c, d, respectively, for some positive
integers a, b, c, d < l. By Lemma 2.5, Σpi ≡ Σpj mod l for any i, j. This
implies that a = c, b = d, and a+ b = l, i.e., the weights are
Σp1 = {−a, l, l},Σp2 = {−l, l − a, l},Σp3 = {a− l,−l, l},Σp4 = {−l,−l, a}.
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By Theorem 2.2, we have
0 = N0 =
1
(1− t−a)(1− tl)2
+
1
(1 − t−l)(1− tl−a)(1− tl)
+
1
(1− ta−l)(1− t−l)(1− tl)
+
1
(1− t−l)2(1− ta)
=
−ta(1− tl−a)− tl(1− ta) + t2l−a(1− ta) + t2l(1− tl−a)
(1− ta)(1− tl−a)(1− tl)2
=
−ta + ta+l + t2l−a − t3l−a
(1 − ta)(1− tl−a)(1 − tl)2
.
However, the last expression cannot be a constant, which leads to a contra-
diction. 
The following lemma gives constraints on the weights at the fixed points.
Lemma 6.3. In Lemma 6.1, Let Σpi = {−w
1
pi , w
2
pi , w
3
pi} for i = 1, 2 and
Σpi = {−w
1
pi ,−w
2
pi , w
3
pi} for i = 3, 4, where w
j
pi are positive integers. Then
min{w1p1 , w
1
p2} = min{w
1
p3 + w
2
p3 , w
1
p4 + w
2
p4}.
Let C = {a, b, c, d, e, f} be the collection of the positive weights and let
{w4pi , w
5
pi , w
6
pi} = C \ {w
1
pi , w
2
pi , w
3
pi} for each i. Then
max
i=1,2
{w1pi +
6∑
j=4
wjpi} = maxi=3,4
{w1pi +w
2
pi +
6∑
j=4
wjpi}.
Proof. By Theorem 2.2,
χ0(M) = N0 = 0 =
2∑
i=1
1
(1− t−w
1
pi )(1− tw
2
pi )(1 − tw
3
pi )
+
4∑
i=3
1
(1− t−w
1
pi )(1 − t−w
2
pi )(1− tw
3
pi )
=
2∑
i=1
−tw
1
pi
(1− tw
1
pi )(1− tw
2
pi )(1− tw
3
pi )
+
4∑
i=3
tw
1
pi
+w2pi
(1− tw
1
pi )(1 − tw
2
pi )(1− tw
3
pi )
.
Next, in any case of Lemma 6.1, the least common multiple of the de-
nominators is (1 − ta) · · · (1 − tf ). We multiply the equation above by
(1− ta) · · · (1− tf ) to have
0 =
∑2
i=1{−t
w1pi
∏6
j=4(1− t
wjpi )}+
∑4
i=3{t
w1pi+w
2
pi
∏6
j=4(1− t
wjpi )}.
Comparing terms with the smallest exponents and with different signs, it
follows that
min{w1p1 , w
1
p2} = min{w
1
p3 + w
2
p3 , w
1
p4 + w
2
p4}.
Comparing terms with the biggest exponents and with different signs, it
follows that
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max
i=1,2
{w1pi +
6∑
j=4
wjpi} = maxi=3,4
{w1pi + w
2
pi +
6∑
j=4
wjpi}.

Lemma 6.4. The case (1) in Lemma 6.1 cannot hold.
Proof. Assume on the contrary that the case (1) in Lemma 6.1 holds. Since
the only edges ǫb for b and ǫd for d satisfy ni(ǫ) + 1 = nt(ǫ), by the first
condition of Lemma 3.5, it follows that {b, d} are the smallest and the sec-
ond smallest weights. In particular, a, c, e, and f are strictly bigger than
b and d. Next, by permuting p1 and p2 and by permuting p3 and p4 (by
horizontal symmetry of the multigraph), and by reversing the circle action
if necessary (Remark 5.3), we may assume that a is the biggest weight. By
Lemma 6.2, it follows that c < a. Next, by the second condition of Lemma
3.5 for a, we have that Σp1 = {−a, b, c} ≡ {−c, a, d} = Σp2 mod a. Since
c > d, we have that 2c = a and b = d. Then since Σp1 = {−2c, b, c} and
Σp2 = {−c, 2c, b}, we have m
c
p1 = m
c
p2 = 2. Therefore, by (3) of Lemma 2.6,
mcp3 = 2 or m
c
p4 = 2. Since e, f > b, this implies that e and f are multiples
of c, i.e., e = k1c and f = k2c for some positive integers k1 and k2. Then we
have mbpi(−) = 1 for all i. However, this contradicts the second statement
of (3) of Lemma 2.6. Therefore, the case (1) in Lemma 6.1 cannot hold. 
Lemma 6.5. Assume that the case (2) in Lemma 6.1 holds. Then exactly
one of the following holds for the multisets of weights at the fixed points:
(1) Σp1 = {−b − e, e, b},Σp2 = {−b − 2e, b + e, e},Σp3 = {−e,−b − e, b +
2e},Σp4 = {−b,−e, b+ e}. This is the fourth case of Theorem 1.2.
(2) Σp1 = {−3b− c, b, c},Σp2 = {−2b − c, 3b + c, 3b + 2c},Σp3 = {−b,−b −
c, 2b+ c},Σp4 = {−c,−3b− 2c, b+ c}. This is the fifth case of Theorem
1.2.
(3) Σp1 = {−2b − c, b, c},Σp2 = {−b − c, 2b + c, c},Σp3 = {−b,−c, 2b +
c},Σp4 = {−c,−2b − c, b+ c}. This is the sixth case of Theorem 1.2.
Proof. By reversing the circle action (Remark 5.3), we may assume that
exactly one of the following holds for the largest weight:
(1) a is the largest weight.
(2) b is the largest weight.
(3) c is the largest weight.
(4) d is the largest weight.
First, suppose that a is the largest weight. By Lemma 6.2, we have that
b, c, d, e < a. By Lemma 3.5, Σp1 = {−a, b, c} ≡ {−d, a, e} = Σp2 mod a.
It follows that either
(a) b+ d = a and c = e, or
(b) b = e and c+ d = a.
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Assume that the case (a) holds. We have
Σp1 = {−b− d(= −a), b, c},Σp2 = {−d, b+ d(= a), c},Σp3 = {−b,−c(=
−e), f},Σp4 = {−c(= −e),−f, d}.
By Lemma 2.9, we have
0 =
1
−(b+ d)bc
+
1
−d(b+ d)c
+
1
(−b)(−c)f
+
1
(−c)(−f)d
=
(−
1
b+ d
+
1
f
)(
1
bc
+
1
cd
).
It follows that f = b+ d, i.e., f = a. By Lemma 6.3, we have max{b+2d+
c+ f(= a+ d+ e+ f), d+ b+ c+ f} = max{2b+ 2c+2d(= b+ c+ a+ d+
e), 2b + 2c + d + f(= c + f + a + b + e)}. Subtracting b + c + d from each
term, this is equivalent to max{d+ f, f} = max{b+ c+ d, b+ c+ f}. Since
d < f = a, this implies that d+ f = b+ c+ f , i.e., d = b+ c. It follows that
a = f = b+ d = 2b+ c. Then the weights are
Σp1 = {−2b− c, b, c},Σp2 = {−b− c, 2b + c, c},Σp3 =
{−b,−c, 2b + c},Σp4 = {−c,−2b− c, b+ c}.
This is the sixth case of Theorem 1.2.
Assume that the case (b) holds. By Lemma 6.3, we have min{a, a − c(=
d)} = min{2b(= b+e), c+f} and max{2a−c+b+f(= a+d+e+f), a+b+f(=
d+b+c+f)} = max{2a+2b(= b+e+a+c+d), a+2b+c+f(= c+f+a+b+e)}.
Since a−c < a, it follows that a−c = min{2b(= b+e), c+f}. Since a+b+f <
a+2b+c+f , it follows that 2a+b−c+f = max{2a+2b, a+2b+c+f}. On
the other hand, if a−c = c+f , i.e., a = 2c+f , then 2a+2b > a+2b+c+f .
Therefore, we have the following cases:
(i) a− c = 2b and 2a+ b− c+ f = 2a+ 2b.
(ii) a− c = 2b and 2a+ b− c+ f = a+ 2b+ c+ f .
(iii) a− c = c+ f and 2a+ b− c+ f = 2a+ 2b.
In case (i), we have that a = 2b+ c and f = b+ c. Then we have
Σp1 = {−2b− c, b, c},Σp2 = {−2b, b, 2b + c},Σp3 = {−b,−b, b+ c},Σp4 =
{−c,−b− c, 2b}.
By the second condition of Lemma 3.5 for f = b+c, Σp3 = {−b,−b, b+c} ≡
{−c,−b− c, 2b} = Σp4 mod b+ c. Since we must have −b ≡ −c mod b+ c,
it follows that b = c. Since the action is effective, this implies that b = 1.
Then
Σp1 = {−3, 1, 1},Σp2 = {−2, 1, 3},Σp3 = {−1,−1, 2},Σp4 = {−1,−2, 2}.
By Lemma 2.9, we have
0 =
1
−3
+
1
−6
+
1
2
+
1
4
6= 0,
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which is a contradiction.
Suppose that the case (ii) holds. Then a = 2b + c and a = b + 2c, i.e,
b = c. Since the action is effective, c = 1. Then
Σp1 = {−3, 1, 1},Σp2 = {−2, 3, 1},Σp3 = {−1,−1, 1},Σp4 = {−1,−1, 2}.
By Lemma 2.9, this case is impossible.
Suppose that the case (iii) holds. From the latter we have f = b+c. Then
we have
Σp1 = {−b− 3c, b, c},Σp2 = {−b− 2c, b+ 3c, b},Σp3 =
{−b,−b, b+ c},Σp4 = {−c,−b− c, b+ 2c}.
By the second condition of Lemma 3.5 for f = b+c, Σp3 = {−b,−b, b+c} ≡
{−c,−b− c, 2b} = Σp4 mod b+ c. Since we must have −b ≡ −c mod b+ c,
it follows that b = c. Since the action is effective, this implies that b = 1.
Then
Σp1 = {−4, 1, 1},Σp2 = {−3, 1, 4},Σp3 = {−1,−1, 2},Σp4 = {−1,−2, 3}.
As above, by Lemma 2.9 we get a contradiction.
Second, suppose that b is the largest weight. Since b, c, and e are the
only weights whose corresponding edges satisfy ni(ǫ)+1 = nt(ǫ), this implies
that {c, e} are the smallest and the second smallest positive weights. In
particular, c and e are strictly smaller than a, b, d, and f . By Lemma 6.2,
a, f < b. By Lemma 3.5, Σp1 = {−a, b, c} ≡ {−b,−e, f} = Σp3 mod b.
Since e < a, it follows that −a ≡ f mod b and c ≡ −e mod b, i.e., a+f = b
and c+e = b. Then we have a+f = b = c+e < a+f , which is a contradiction.
Third, suppose that c is the largest weight. By an analogous argument as
above, {b, e} are the smallest and the second smallest positive weights, and
b and e are strictly smaller than a, c, d, and f . By Lemma 6.2, a, b, d, f < c.
By Lemma 3.5, Σp1 = {−a, b, c} ≡ {−c,−f, d} = Σp4 mod c. Since b < d,
b 6= d mod c. Therefore, we have a+ d = c and b+ f = c. By Lemma 6.3,
min{a, c − a} = {b + e, c + (c − b)}. Since b + e < c + (c − b), this implies
that min{a, c − a} = b+ e.
Assume that a = b+ e. With that a = b+ e, d = c − a = c − b− e, and
f = c− b, the second part of Lemma 6.3 implies that c = 2b+ 3e. Then we
have
Σp1 = {−b− e, b, 2b + 3e},Σp2 = {−b− 2e, b+ e, e},Σp3 =
{−b,−e, b+ 3e},Σp4 = {−2b− 3e,−b− 3e, b+ 2e}.
If we reverse the circle action (Remark 5.3), then we have
Σp1 = {−2b− 3c,−b, b + e},Σp2 = {−b− e,−e, b+ 2e},Σp3 =
{−b− 3e, b, e},Σp4 = {−b− 2e, b + 3e, 2b + 3e}.
This is the fifth case of Theorem 1.2.
Next, assume that c− a = b+ e, i.e., c = a+ b+ e. Then we have
30 DONGHOON JANG
Σp1 = {−a, b, a+ b+ e},Σp2 = {−b− e, a, e},Σp3 = {−b,−e, a+ e},Σp4 =
{−a− b− e,−a− e, b+ e}.
By Lemma 3.5, we have Σp3 = {−b,−e, a+e} ≡ {−a−b−e,−a−e, b+e} =
Σp4 mod a + e. It follows that −e ≡ b + e mod a + e. Since a > b, this
implies that −e+(a+ e) = b+ e, i.e., a = b+ e. Then we have mb+ep2 (−) = 1
for i = 1, 2, 4, which contradicts the second statement of (3) of Lemma 2.6.
Fourth, suppose that d is the largest weight. By Lemma 6.2, a, e, c, f < d.
By reversing the circle action (Remark 5.3), we may assume that a ≤ f .
Next, by Lemma 6.3, min{a, d} = min{b+ e, c+ f}. Since a ≤ f and a < d,
this implies that a = b+e. By Lemma 3.5, Σp2 = {−d, a, e} ≡ {−c,−f, d} =
Σp4 mod d. This implies that either
(a) a+ c = d and e+ f = d, i.e., c = d− a and f = d− e.
(b) a+ f = d and e+ c = d, i.e., f = d− a and e = d− c.
Assume that the case (a) holds. Since a + c = d, e + f = d, and a ≤ f ,
we have e ≤ c. With a = b+ e, d = a+ c = b+ c+ e and f = d− e = b+ c.
We have
Σp1 = {−b− e, b, c},Σp2 = {−b− c− e, b+ e, e},Σp3 =
{−b,−e, b+ c},Σp4 = {−c,−b− c, b+ c+ e}.
By Lemma 3.5 for f = b+c, Σp3 = {−b,−e, b+c} ≡ {−c,−b−c, b+c+e} =
Σp4 mod b+ c. If −b ≡ −c mod b+ c and −e ≡ b+ c+ e mod b+ c, since
e ≤ c, it follows that b = c = e. If −e ≡ −c mod b + c, we have c = e. In
either case we have c = e. Then we have
Σp1 = {−b− e, b, e},Σp2 = {−b− 2e, b+ e, e},Σp3 = {−b,−e, b+ e},Σp4 =
{−e,−b− e, b+ 2e}.
This is the fourth case of Theorem 1.2.
Next, assume that the case (b) holds. By Lemma 3.5, we have Σp3 =
{−b,−e, d−b−e(= f)} ≡ {e−d(= −c), b+e−d(= −f), d} = Σp4 mod d−
b − e(= f). Note that since a + f = d and a ≤ f , f ≥ d2 , where d is the
largest weight. Since −b ≡ e − d mod d − b − e and d − b − e ≡ b + e − d
mod d− b− e, we have −e ≡ d mod d− b− e. Since b+ e = a ≤ d2 , e <
d
2 .
This implies that −e+ 2(d− b− e) = d, i.e., d = 2b+ 3e. Then we have
Σp1 = {−b− e, b, 2b + 2e},Σp2 = {−2b− 3e, b + e, e},Σp3 =
{−b,−e, b+ 2e},Σp4 = {−2b− 2e,−b− 2e, 2b + 3e}.
By Lemma 3.5 for c = 2b + 2e, we have Σp1 = {−b − e, b, 2b + 2e} ≡
{−2b− 2e,−b− 2e, 2b+3e} = Σp4 mod 2b+2e, but this cannot hold. 
Lemma 6.6. Assume that the case (3) in Lemma 6.1 holds. Then exactly
one of the following holds for the multisets of weights at the fixed points:
(1) Σp1 = {−b − c, b, c},Σp2 = {−b − c − e, b + c, e},Σp3 = {−b,−e, b +
e},Σp4 = {−e,−b− c, b+ c+ e}.
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(2) Σp1 = {−2b − c, b, c},Σp2 = {−b − c, 2b + c, c},Σp3 = {−b,−c, 2b +
c},Σp4 = {−c,−2b − c, b+ c}.
Therefore, this is either the fourth case or the fifth case of Theorem 1.2.
Proof. By Lemma 2.9, we have
0 =
1
(−a)bc
+
1
(−d)ae
+
1
(−b)(−c)f
+
1
(−e)(−f)d
= (−
1
a
+
1
f
)(
1
bc
+
1
de
).
It follows that f = a. By changing b and c, we may assume that one of the
following holds for the largest weight:
(1) a is the largest weight.
(2) b is the largest weight.
(3) d is the largest weight.
(4) e is the largest weight.
First, suppose that a is the largest weight. By Lemma 6.2, we have that
b, c, d, e < a. Next, by the second condition of Lemma 3.5 for a, Σp1 =
{−a, b, c} ≡ {−d, a, e} = Σp2 mod a. By permuting b and c if necessary,
this implies that b + d = a and c = e. Next, by Lemma 6.3, min{a, d} =
min{b + c, e + f}. Since d < a and b + c < e + f = c + a, it follows that
d = b+ c. Then the weights are
Σp1 = {−2b− c, b, c},Σp2 = {−b− c, 2b + c, c},Σp3 =
{−b,−c, 2b + c},Σp4 = {−c,−2b− c, b+ c}.
This is the fifth case of Theorem 2.2.
Second, suppose that b is the largest weight. By Lemma 6.2, it follows
that c, a < b. Next, the edges ǫ for b, c, and e only satisfy ni(ǫ) + 1 = nt(ǫ).
On the other hand, b is the largest weight. It follows that {c, e} are the
smallest and the second smallest positive weights. In particular, c and e are
strictly smaller than a, b, e, and f(= a). By the second condition of Lemma
3.5 for b, we have Σp1 = {−a, b, c} ≡ {−b,−c, f(= a)} = Σp3 mod b. Since
c < a, we cannot have −a ≡ −c mod b. Therefore, we must have −a ≡ a
mod b and c ≡ −c mod b. These imply that 2a = 2c = b and in particular,
a = c, which is a contradiction. Therefore, b (and hence c) cannot be the
largest weight.
Third, suppose that d is the largest weight. By Lemma 6.2, we have
a, e < d. By the second condition of Lemma 3.5 for d, Σp2 = {−d, a, e} ≡
{−e,−f(= −a), d} = Σp4 mod d. It follows that either
(a) a+ e = d.
(b) 2a = 2e = d.
In either case we have a+ e = d. Next, by Lemma 6.3, we have min{a, d} =
min{b + c, e + f(= e + a)}. Since a < d and a < e + f(= e + a), we have
a = b+ c. Then the multisets of weights are
Σp1 = {−b− c, b, c},Σp2 = {−b− c− e, b+ c, e},Σp3 =
{−b,−c, b+ c},Σp4 = {−e,−b− c, b+ c+ e}.
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If we let b = A, c = B, e = C, and b+ c = D, then we have
Σp1 = {−A−B,A,B},Σp2 = {−C −D,C,D},Σp3 =
{−A,−B,A+B},Σp4 = {−C,−D,C +D}.
This is the fourth case of Theorem 1.2.
Fourth, suppose that e is the largest weight. Since b, c, and e only have
edges satisfying ni(ǫ) + 1 = nt(ǫ) and e is the largest weight, {b, c} are the
smallest and the second positive weights. In particular, b and c are strictly
smaller than a, d, e, and f . By Lemma 6.2, it follows that a, d < e. By the
second condition of Lemma 3.5 for e, we have Σp2 = {−d, a, e} ≡ {−e,−f(=
−a), d} = Σp4 mod e. Therefore, either
(a) d = f = a.
(b) 2d = e = 2a.
Assume that d = f = a. Then we have mapi = 1 for i = 1, 3 and m
a
pi = 2 for
i = 2, 4, which contradicts (3) of Lemma 2.6. Next, assume that 2d = e = 2a.
The weights at p2 are then {−d, d, 2d}. Since the action is effective, this im-
plies that d = 1. However, p2 cannot have weight −1 by the first condition
of Lemma 3.5. Therefore, the fourth case cannot hold. 
Lemma 6.7. Assume that the case (4) in Lemma 6.1 holds. Then the multi-
sets of weights at the fixed points are {−b−c, b, c}, {−e−f, e, f}, {−b,−c, b+
c}, and {−e,−f, e+ f} for some positive integers b, c, e, and f , i.e., this is
the fourth case of Theorem 1.2.
Proof. By the horizontal symmetry of the multigraph associated, we may
assume that a ≤ d. By Lemma 6.3, we have that min{a, d} = min{b+ c, e+
f}. First, assume that b+ c < e+ f . Then we have a = b+ c. By Theorem
2.2, we have
χ0(M) = N0 = 0 =
1
(1− t−b−c)(1− tb)(1− tc)
+
1
(1− t−d)(1 − te)(1 − tf )
+
1
(1− t−b)(1− t−c)(1 − tb+c)
+
1
(1− t−e)(1− t−f )(1 − td)
=
−tb+c
(1− tb+c)(1 − tb)(1− tc)
+
−td
(1− td)(1 − te)(1 − tf )
+
tb+c
(1− tb)(1− tc)(1 − tb+c)
+
te+f
(1− te)(1 − tf )(1− td)
=
−td + te+f
(1− td)(1− te)(1− tf )
.
It follows that d = e+ f . This is the fourth case of Theorem 1.2.
Second, assume that b + c ≥ e + f . Then we have d ≥ a = e + f .
By the second condition of Lemma 3.5 for an edge with label d, we have
Σp2 = {−d, e, f} ≡ {−e,−f, d} = Σp4 mod d. Since d ≥ e + f , either
2e = 2f = d, or e + f = d. In either case it follows that d = e + f . By
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an analogous argument as above, by Theorem 2.2, it follows that a = b+ c
if we consider χ0(M) = 0. Again, this is the fourth case of Theorem 1.2. 
Lemma 6.8. Assume that the case (5) in Lemma 6.1 holds. Then the
multisets of weights at the fixed points are
Σp1 = {−a− b, a, b},Σp2 = {−c− d, c, d},Σp3 = {−a,−b, a+ b},Σp4 =
{−c,−d, c + d}
for some positive integers a, b, c, and d, i.e., this is the fourth case of Theo-
rem 1.2.
Proof. By horizontal symmetry of the multigraph associated, we may assume
that one of the following holds for the largest weight:
(1) a is the largest weight.
(2) b is the largest weight.
(3) c is the largest weight.
First, suppose that a is the largest weight. By Lemma 6.2, it follows that
b, c, f < a. By the second condition of Lemma 3.5 for a, Σp1 = {−a, b, c} ≡
{−b,−f, a} = Σp3 mod a. Therefore, either
(a) 2b = a and c+ f = a, or
(b) b+ f = a and b+ c = a.
Assume that the case (a) holds. Suppose that b > 1 and b 6= c. Then
we have mbp1 = m
b
p3 = 2. Therefore, by (3) of Lemma 2.6, we must have
mbp2 = 2 or m
b
p4 = 2. Since b 6= c, f = a− c = 2a− b 6= b. This implies that
d and e must by divisible by b, say d = k1b and e = k2b for some positive
integers ki, i = 1, 2. Then we have m
b
pi(−) = 1 for all i, which contradicts
the second statement of (3) of Lemma 2.6. Therefore, either b = 1 or b = c.
If b = 1, then a = 2 and hence c = f = 1 from c + f = a. When b = c, by
the effectiveness of the action, since p1 has weights {−2b(= −a), b, b(= c)},
we have b = 1. In either case we have b = c = f = 1. Since the largest
weight is 2, we have f = 1. By Theorem 2.2, we have
0 = χ0(M) =
1
(1− t−2)(1 − t)2
+
1
(1− t−d)(1 − t)(1− te)
+
1
(1− t−1)2(1− t2)
+
1
(1− t−e)(1− t−1)(1 − td)
=
−t2
(1− t2)(1 − t)2
+
−td
(1− td)(1− t)(1− te)
+
t2
(1− t1)2(1− t2)
+
t1+e
(1− te)(1 − t1)(1− td)
=
−td + t1+e
(1− te)(1 − t1)(1− td)
.
It follows that d = e + 1. Since the largest weight is 2, this implies that
e = 1. The weights at the fixed points are
Σp1 = {−2, 1, 1},Σp2 = {−2, 1, 1},Σp3 = {−1,−1, 2},Σp4 = {−1,−1, 2}.
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This is the fourth case of Theorem 1.2.
Assume that the case (b) holds. Then we have c = f = a− b. Since a is
the largest weight, d ≤ a. Suppose that d = a. Since d = a is the largest
weight, by Lemma 6.2, it follows that e, a− b < d(= a). Then by the second
condition of Lemma 3.5 for d(= a), we have Σp2 = {−a(= −d), e, a − b(=
f)} ≡ {b− a(= −c),−e, a(= d)} mod a(= d). Then either
(a) e ≡ b− a mod a, i.e., e− a = b− a and hence b = e.
(b) 2e = a and a− b ≡ b− a mod a, i.e., 2b = a.
In either case we have that b = e. the weights are
Σp1 = {−a, b, a − b},Σp2 = {−a, b, a− b},Σp3 = {b− a,−b, a},Σp4 =
{b− a,−b, a}.
This is the fourth case of Theorem 1.2. Next, suppose that d < a. By Lemma
6.3, we have min{a, d} = min{b + f = b+ (a − b) = a, e + f = e + (a − b).
This implies that d = e+ (a− b). Then the weights are
Σp1 = {−a, b, a− b},Σp2 = {−a+ b− e, e, a − b},Σp3 =
{b− a,−b, a},Σp4 = {−e, b− a, a− b+ e}.
If we let A = a− b, B = b, C = e, and D = a− b, then we have
Σp1 = {−A−B,A,B},Σp2 = {−C −D,C,D},Σp3 =
{−A,−B,A+B},Σp4 = {−C,−D,C +D}.
This is the fourth case of Theorem 1.2.
Second, suppose that b is the largest weight. By Lemma 6.2 and Lemma
3.5 for b, from Σp1 = {−a, b, c} ≡ {−b,−f, a} = Σp3 mod b, it follows that
either
(a) a = f and c = a, or
(b) 2a = b and c+ f = b.
On the other hand, since only b, c, e, f are the weights whose edges satisfy
ni(ǫ) + 1 = nt(ǫ) and b is the largest weight, one of c and f is at most the
second smallest positive weight. On the other hand, a is strictly bigger than
the second smallest positive weight since its edge ǫa satisfies ni(ǫa) − 1 =
nt(ǫa). This implies that a is strictly bigger than at least one of c and f .
This implies that the case (a) is impossible. This also implies that when
the case (b) holds, c 6= a or f 6= a, and hence c 6= a and f 6= a. Next, by
reversing the circle action (Remark 5.3), we may assume that c ≤ f . Since
c+ f = 2a = b and c 6= a, this implies that c < a = b2 < f = 2a− c. Next,
by Lemma 6.3, we have min{a, d} = min{b+ f = 2a+ (2a − c), c + e} and
max{a+ d+ e+ f, a+ b+ c+ d} = max{b+ c+ d+ e+ f, a+ b+ c+ e+ f}.
Since a < b+f = 2a+(2a−c), it follows that either a = c+e or d = c+e. If
a = c+ e, we have max{2c+d+4e, 4c+d+3e} = max{4c+d+5e, 5c+6e},
which cannot hold. If d = c + e, we have max{3a + 2e, 3a + 2c + e} =
max{4a+ c+2e, 5a+e} and hence 3a+2c+e = max{4a+ c+2e, 5a+e}. If
3a+2c+e = 4a+c+2e, we have a < a+e = c < a, which is a contradiction.
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If 3a+2c+e = 5a+e, we have a = c < a, which is a contradiction. Therefore,
b cannot be the largest weight.
Third, suppose that c is the largest weight. Since the weights b, c, e, f
only have edges satisfying ni(ǫ)+1 = nt(ǫ) and c is the largest weight, one of
b or e is at most the second smallest positive weight. In particular, a and d
are strictly bigger than the second smallest positive weight. By Lemma 6.2
and Lemma 3.5 for b, from Σp1 = {−a, b, c} ≡ {−c,−e, d} = Σp3 mod c, it
follows that either
(a) a = e and b = d, or
(b) b+ e = c and a+ d = c.
However, the case (a) cannot hold because of the discussion above. There-
fore, the case (b) holds, and e = c − b and d = c − a. Next, by Lemma
6.3, min{a, d = c − a} = min{b + f, c + (c − b) = c + e}. Since a < c, this
implies that either a = b+f or c−a = b+f . Moreover, Lemma 6.3 says that
max{a+(c−a)+(c−b)+f, (c−a)+a+b+c} = max{b+f+c+(c−a)+(c−
b), c+(c−b)+a+b+f}, i.e., max{2c−b+f, 2c+b} = max{3c−a+f, 2c+a+f}.
Since 2c− b+ f < 2c+ a+ f , we have 2c+ b = max{3c− a+ f, 2c+ a+ f}.
From the minimum assume that c−a = b+ f , i.e., c = a+ b+ f . Then from
the maximum we have 2a+3b+2f = max{2a+3b+4f, 3a+2b+3f}, which
cannot hold. The equation 2c+ b = max{3c− a+ f, 2c+ a+ f} cannot also
be satisfied when a = b+ f . Therefore, c cannot be the largest weight. 
Lemma 6.9. Assume that the case (6) in Lemma 6.1 holds. Then the
multisets of weights at the fixed points are
Σp1 = {−b− c, b, c},Σp2 = {−b− c, b, c},Σp3 = {−b,−c, b+ c},Σp4 =
{−b,−c, b+ c}
for some positive integers b and c, i.e., this is the fourth case of Theorem
1.2.
Proof. By horizontal symmetry of the multigraph(see Figure 7f), we may
assume that one of the following holds for the largest weight:
(1) a is the largest weight.
(2) b is the largest weight.
First, suppose that a is the largest weight. By Lemma 6.2, we have
that b, c, e, f < a. By the second condition of Lemma 3.5 for a, Σp1 =
{−a, b, c} ≡ {−e,−f, a} = Σp3 mod a. By permuting b and c and by
permuting e and f necessary, we may assume that b+ e = a and c+ f = a,
i.e., e = a − b and f = a − c. Moreover, by reversing the circle action
(Remark 5.3), we may assume that b + c ≤ e + f , i.e., b + c ≤ e + f =
(a − b) + (a − c). It follows that b + c ≤ a. Next, by Lemma 6.3, we
have min{a, d} = min{e + f = (a − b) + (a − c), b + c}. Since d ≤ a and
b+c ≤ (a−b)+(a−c), from the minimum it follows that d = b+c. Next, as
in Lemma 6.3, we consider χ0(M) = 0 in Theorem 2.2, make the exponents
in the denominators positive, multiply the equation by the least common
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multiple of the denominators (1−ta)(1−tb)(1−tc)(1−tb+c)(1−ta−b)(1−ta−c),
and cancel out terms to have
0 = −ta + ta+b+c − t3a−b−c + t2b+c + tb+2c − ta+2b+c − ta+b+2c − t2b+2c +
ta+2b+2c + t2a−b−c − t2a+b+c − ta+c − ta+b + t2a+c + t2a+b + t2a.
Since b + c ≤ a, comparing the terms with smallest exponents and with
different signs, we must have a = b+ c. Then the multisets of weights at the
fixed points are
Σp1 = {−b− c, b, c},Σp2 = {−b− c, b, c},Σp3 = {−b,−c, b+ c},Σp4 =
{−b,−c, b+ c}.
This is the fourth case of Theorem 1.2.
Second, suppose that b is the largest weight. By Lemma 6.2, a, c, d < b.
By the second condition of Lemma 3.5 for b, Σp1 = {−a, b, c} ≡ {−b,−c, d} =
Σp4 mod b. It follows that either
(a) a = c and c = d, or
(b) a+ d = b and 2c = b.
Assume that the case (a) holds. Since the edge ǫa for a has ni(ǫa) − 1 =
nt(ǫa), by Lemma 3.5, a is strictly bigger than the second smallest positive
weight. In particular, a > 1. Moreover, since c = a and d = a, we have
map1 = 2 and m
a
p4 = 2. By (3) of Lemma 2.6, it follows that m
a
p2 = 2 or
map3 = 2. This implies that exactly one of e and f is a multiple of a. Then
we have mapi(−) = 1 for all i, which contradicts the second statement of (3)
of Lemma 2.6.
Assume that the case (b) holds. Then we have Σp1 = {−a, 2c(= b), c}. If
c = 1, then the largest weight is b = 2 and hence a = 1, but the edge for a
has ni(ǫa) − 1 = nt(ǫa), which does not satisfy the first condition of Lemma
3.5. It follows that c > 1. Since the action is effective, this implies that a
(and hence d = 2c − a) cannot be a multiple of c. Then we have mcp1 = 2
and mcp4 = 2. By (3) of Lemma 2.6, we must have m
c
p2 = 2 or m
c
p3 = 2. It
follows that both e and f are multiples of c. Then we have mcpi(−) = 0 for
i = 1, 2 and mcpi = 2 for i = 3, 4. In particular, there is no fixed point p
with mcp(−) = 1 and this contradicts the second statement of (3) of Lemma
2.6. Therefore, b (and hence c, e, and f) cannot be the largest weight. 
7. Proof of Theorem 1.2
Proof of Theorem 1.2. Quotienting out by the subgroup that acts trivially,
we may assume that the action is effective. By Theorem 2.2, N0 = N3
and N1 = N2, where N i is the number of fixed points that has exactly
i negative weights. By Lemma 2.4, there exists i such that N i 6= 0 and
N i+1 6= 0. These imply that either
(1) N i = 1 for 0 ≤ i ≤ 3.
(2) N1 = N2 = 2 and N i = 0 otherwise.
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Note thatN0 = Todd(M) is the Todd genus ofM . In the first case, the Todd
of M is 1 and Theorem 1.2 follows from Lemma 5.1, Lemma 5.4, Lemma
5.5, Lemma 5.6, and Lemma 5.7. In the second case, the Todd genus of
M is 0 and Theorem 1.2 follows from Lemma 6.1, Lemma 6.4, Lemma 6.5,
Lemma 6.6, Lemma 6.7, Lemma 6.8, and Lemma 6.9. 
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